We consider the boundary regularity for weak solutions to quasilinear elliptic systems under a super quadratic controllable growth condition, and we obtain a general criterion for a weak solution to be regular in the neighborhood of a given boundary point. Combined with existing results on the interior partial regularity, this result yields an upper bound on the Hausdorff dimension of a singular set at the boundary.
Introduction
In this paper we are concerned with partial regularity for weak solutions of quasilinear elliptic systems: ]. If g| ∂ ≡ , we will take g ≡  on . If the domain we consider is an upper half unit ball B + , the boundary condition is the following.
(H) There exist s with s > n and a function g ∈ H ,s (B + , R N ), such that we have
Here we write B ρ (x  ) = {x ∈ R n : |x -x  | < ρ}, and further B ρ = B ρ (), B = B  . For x  ∈ R n- × {} we write B + ρ (x  ) for {x ∈ R n : x n > , |x -x  | < ρ}, and we set B 
Now we can definite weak solutions to systems (.). Because there is a very large literature on the existence of weak solutions [, ], we assume that a weak solution exists [] and deal with the problem of regularity directly.
Definition . By a weak solution of (.) we mean a vector-valued function
where we have introduced the notation
In the current situation, Sobolev's embedding theorem yields the existence of a constant C s depending only on s, n, and N such that we have We also note here that Poincaré's inequality in this setting yieldŝ
for a constant C p depending only on n. Finally, we fix an exponent σ ∈ (, ) as follows: if g ≡ , σ can be chosen arbitrary (but henceforth fixed); otherwise we take σ fixed in (,  -
Under such assumptions, one cannot expect that weak solutions to (.) will be classical [] . This was first shown by De Giorgi [] . Thus, our goal is to establish a partial regularity for weak solutions of systems (.).
There are some previous partial regularity results at boundary for inhomogeneous quasilinear systems. Arkhipova has studied regularity up to the boundary for nonlinear and quasilinear systems [ 
Note in particular that the boundary condition (H) means that u x  ,R makes sense: in fact, we have u x  ,R = g x  ,R .
A standard covering argument [] allows us to obtain the following. If the domain of the main step in proving Theorem . is a half ball, the result then is the following.
Theorem . Consider a weak solution of (.) on the upper half unit ball B
+ which satisfies the structural conditions (H)-(H) and (H) . Then there exist positive R  and ε  (depending only on n, N , λ, L, ω(·) and γ ) with the property that
Analogously to above, the boundary condition (H) ensures that u x  ,R exists, and u x  ,R = g x  ,R .
The A-harmonic approximation technique
In this section we present an A-harmonic approximation lemma [] , and some standard results due to Campanato [, ]. 
Lemma . (A-harmonic approximation lemma) Consider fixed positive λ and L, and n, N ∈ N with n ≥ . Then for any given
for all y ∈ D R (x  ) and ρ ≤ R; and
Then there exists a Hölder continuous representative of the L
, and for this representative ν we have
, with the constant C κ depending only on n and α.
We close this section by a standard estimate for the solutions to homogeneous second order elliptic systems with constant coefficients, due originally to Campanato [] .
Lemma . Consider fixed positive λ and L, and n, N ∈ N with n ≥ . Then there exists C  depending only on n, N , λ, and L (without loss of generality we take
Caccioppoli inequality
In this section we prove Caccioppoli's inequality. 
By Young's, Hölder's and then Sobolev's inequalities, together with the estimate inequalities (.), (.), and the fact that u x  ,R = g x  ,R , yieldŝ
Using Young's inequality again,
here we have used the fact that |Dη| <  R-ρ and  < ρ < R < . Similarly, we havê
Combining these estimates in (.), we havê
. http://www.boundaryvalueproblems.com/content/2014/1/88
Using (H), we thus have
Recalling that u x  ,R = g x  ,R and ϕ = (u -g)η  , we get
Fixing ε small enough yields the desired inequality immediately.
Proof of the main theorem
In this section we proceed to the proof of partial regularity result.
|Dϕ|, (  .  ) http://www.boundaryvalueproblems.com/content/2014/1/88
where
Proof From the definition of weak solution we havê
Similarly as (.), by Hölder's inequality and Sobolev's embedding theorem, we have
Henceforth we restrict ρ to be sufficiently small. Applying in turn Young's inequality, (H), Caccioppoli's inequality (Theorem .) and then Jensen's inequality we calculate that
For z ∈ D, r  ∈ (,  -|z|), we introduce the notation
and further write I for I(y, ρ) . Defining the constant C  by C  = max{C  , C  , C  }, from (.) and Theorem ., we havê
For arbitrary ϕ ∈ C ∞  ( , R N ) we thus havê
|Dϕ|. http://www.boundaryvalueproblems.com/content/2014/1/88
Multiplying through by ( Proof Set w = u -g, using in turn (H), Young's inequality and Hölder's inequality, from (.) we can see that for
and we observe from the definition of γ , (.) means that
Further we note that
For ε >  we take δ = δ(n, N, λ, L, ε) to be the corresponding δ from the A-harmonic approximation lemma. Suppose that we could ensure that the smallness condition
holds. Then in view of (.), (.), (.) we would be able to apply A-harmonic approximation lemma to conclude that the existence of a function h ∈ H , (B
] arbitrary (to be fixed later), from Lemma . and (.), recalling also that h(y) = , we have
Using (.) and (.) we observe
and hence, on multiplying this through by γ  , we obtain the estimate
For the time being, we restrict ourselves to the case that g does not vanish identically. Recalling that w = u -g, (.) yields, using in turn Poincaré's, Sobolev's and then Hölder's inequalities, noting also that u y,θρ = g y,θρ : 
We then fix ε = θ n+ , note that this also fixes δ. Since ρ ≤ , we see from the definition 
